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Abstract
New results related to the decomposition theorem of additive functionals associated to
quasi-regular Dirichlet forms are presented. A characterization of subordinate processes
associated to quasi-regular symmetric Dirichlet forms in terms of the unique solutions of the
corresponding martingale problems is obtained.
The subordinate of (generalized) Ornstein–Uhlenbeck processes are exhibited explicitly in
terms of generators, Dirichlet forms, and unique pathwise solutions of stochastic differential
equations (SDEs). In the case where the state space is inﬁnite dimensional as, e.g. in Euclidean
quantum ﬁeld theory, the construction provides a characterization of the processes in terms of
projections on the topological dual space, and corresponding ﬁnite-dimensional SDEs.
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1. Introduction
The theory of Dirichlet forms (DFs) provides the possibility to construct and
analyze ‘‘nice’’ processes (‘‘m-tight special standard processes’’, having the properties
of being ca`dla`g, quasi-left continuous and strong Markov) on very general state
spaces X (Hausdorff topological spaces), equipped with a s-ﬁnite, positive measure
m: The theory also characterizes the processes as unique solutions of the
corresponding martingale problems (extending to general Hausdorff topological
spaces the known relation on locally compact spaces between Hunt processes, Feller
semigroups and martingale problems, see [4–7,10,16]). Moreover, it has in some
cases also been successful in proving the existence of weak solutions of stochastic
partial differential equations (S(P)DEs) where other methods failed (e.g. in handling
the stochastic quantization equation (SQE) [4,6,43], where a ‘‘Girsanov method’’
w.r.t. the (space–time) free ﬁeld fails [54]).
These relations have been particularly well worked out for local Dirichlet forms,
and associated diffusion processes. Examples with applications in mathematical
physics include Ornstein Uhlenbeck processes on abstract Wiener spaces and on
distributional spaces like S0ðRdÞ as, e.g. the ‘‘(space–time) free ﬁeld’’, resp. ‘‘time-
zero free ﬁeld’’ in Euclidean quantum ﬁeld theory [4,6,51]. In fact, the above-
mentioned SQE is obtained by perturbation of the (space–time) free ﬁeld on S0ðR2Þ
by a non-linear drift.
In other problems of mathematical physics processes with jumps play an
important role (see e.g. [22,23,26,68,73]). The theory of Dirichlet forms provides
the possibility of constructing processes with jumps (see e.g. [11,52]), the latter being
associated with non-local Dirichlet forms (by Beurling–Deny formula see, e.g.
[33,53], any quasi-regular (q.r.) Dirichlet form on a ‘‘manifold like’’ space splits into
a local and non-local part).
In [9], (see also [10,65] for announcements of these results) we show that non-local
q.r. DFs can be obtained by subordination. The well-known technique of
subordination was introduced by Bochner in 1952 and permits to construct a
(subordinate) sub-Markov semigroup ‘‘associated’’ to a process with jumps, by
changing the time (through a ‘‘subordinator’’) of a starting sub-Markov semigroup,
possibly associated to a diffusion process (see also [15,17–19,32,36,37,41,42,66,67]
and references there). In [9], we prove that subordination preserves the property of a
process to be a symmetric m-tight special standard process. (The corresponding
results for non-symmetric DFs (in the sense of [53]) will be presented in [64]).
In this paper we characterize the subordinate processes through the corresponding
martingale problems on any set of essential self-adjointness of the generator of the
starting process, for which subordination is performed. This is obtained through a
new result concerning the decomposition of additive functionals associated to quasi-
regular Dirichlet forms. Our results hold in inﬁnitely-dimensional spaces but also
yield new applications for the case where the state space is ﬁnite dimensional. Some
of the results of the present paper were announced in [10] or [65].
We apply the above results to the construction of the generators and Dirichlet
forms of subordinate (generalized) Ornstein–Uhlenbeck processes, on ﬁnite- and
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inﬁnite-dimensional spaces, in particular for the ‘‘space–time free ﬁeld’’, resp. ‘‘time-
zero free ﬁeld’’. Moreover, we present the SDEs uniquely (and pathwise) solved
by the subordinate (generalized) Ornstein–Uhlenbeck processes. In the inﬁnite-
dimensional case we show that these are uniquely deﬁned by the projections on the
topological dual space, and the solutions of the corresponding ﬁnite-dimensional
SDEs.
2. Subordination and quasi-regular Dirichlet forms
This section recalls the basis of subordination as well as results of [9,10,65] needed
in the following sections.
2.1. Subordination of sub-Markov semigroups
Deﬁnition 2.1 (see, e.g., [15], [42], [66] and references therein). A subordinator is
a vaguely continuous convolution semigroup of probability measures ðm ft ÞtX0 on
½0;NÞ; with m0 ¼ d0; such that the Laplace transform *m ft is given in terms of a
Bernstein function f ; through:
*m ft ðxÞ :¼
Z N
0
expðsxÞm ft ðdsÞ ¼ expðtf ðxÞÞ: ð1Þ
A Bernstein function f is (uniquely) represented in the following way:
f ðxÞ ¼ bx þ
Z N
0
ð1 exp ðxsÞÞ m f ðdsÞ ð2Þ
with bX0; and m f a non-negative Borel measure on ð0;NÞ; which satisﬁesZ N
0
2
1þ s m
f ðdsÞoN: ð3Þ
For the following statement and Deﬁnition see, e.g. [66].
Theorem 2.2. There is a one-to-one correspondence between increasing (as a function
of time) Le´vy processes ðyðtÞÞtX0 on Rþ and Berstein functions: the distribution m ft of
an increasing Le´vy process yðtÞ on Rþ has Laplace transform (1) given in terms of a
Bernstein function f ; and vice versa any ðm ft ÞtX0; whose Laplace transform is given in
terms of a Bernstein function through (1), is the distribution of an increasing Le´vy
process on Rþ:
Deﬁnition 2.3. A stochastic process ðyðtÞÞtX0 (with state space R) on a probability
space ðO;F; PÞ is a Le´vy process in law, if it is stochastically continuous,
has independent increments, yð0Þ ¼ 0 a.s., the distribution of the increments
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yðt þ sÞ  yðtÞ does not depend on s: ðyðtÞÞtX0 is a Le´vy process if it is a Le´vy process
in law, and there is a set L with PðLÞ ¼ 1; s.t. yðtÞ is ca`dla`g (i.e. is right continuous in
tX0 and has left limit in t40; 8oAL).
Remark 2.4. From Bochner’s Theorem applied to the Fourier transforms of ðm ft ÞtX0;
it follows that the ﬁnite-dimensional distributions of ðyðtÞÞtX0 deﬁne a unique
measure n f on the Skorohod space D½Rþ-R
; so that there is in particular a
canonical process (i.e. s.t. oAD½Rþ-R
) with the above properties, i.e. a canonical
Le´vy process associated to ðm ft ÞtX0:
Let ðTtÞtX0 be a symmetric sub-Markov semigroups on L2ðX ; mÞ  L2ðX ;B; mÞ;
with ðX ;B; mÞ any measure space. When X is a topological vector space we take
B ¼ BðXÞ; the corresponding Borel s-algebra. ð; ÞL2ðX ;mÞ (resp. jj  jjL2ðX ;mÞ) will
denote the scalar product (resp. norm) in L2ðX ; mÞ; whenever there is no danger of
confusion the notation will be simpliﬁed to ð; Þ (resp. jj  jj).
Deﬁnition 2.5 (Subordinate semigroup). Let f be a Bernstein function and ðm ft ÞtX0
the corresponding convolution semigroup. Then the symmetric sub-Markov
semigroup ðT ft ÞtX0 deﬁned by the Bochner integral
T
f
t ðuÞ ¼
Z N
0
Tsum
f
t ðdsÞ uAL2ðX ; mÞ; tARþ ð4Þ
is called the subordinate semigroup of ðTtÞtX0 with respect to f ([14,56,75]).
Remark 2.6. Given a sub-Markov semigroup of kernels on a Polish space X there is
a sub-Markov process associated to it and vice versa (see e.g. [13]).
The following theorem is well-known, see e.g. [66].
Theorem 2.7. Let a process M ¼ ðO;FN; ðXtÞtX0; ðPxÞxAX Þ be associated with the
sub-Markov semigroup ðTtÞtX0 and Let ðyðtÞÞtX0 be a Le´vy process independent of
ðXtÞtX0 and associated to a subordinator with Bernstein function f : If the process
M f ¼ ðO;F fN; ðX ft ÞtX0; ðP fx ÞxAX Þ is associated with the subordinate semigroup
ðT ft ÞtX0; then X ft that the same finite-dimensional distributions as XyðtÞ:
Remark 2.8. From Kolmogorov’s Theorem (see e.g. [13]) it follows that in case X is
a Polish space, ðXyðtÞÞtX0 deﬁnes a unique probability measure P f on ðXRþ ;BðXRþÞÞ
and a process ðo ft ÞtX0 with state space X on ðXR
þ
;BðXRþÞ; P f Þ; such that o ft ðoÞ ¼
oðtÞ; 8oAXRþ : ðo ft ÞtX0 is the ‘‘canonical process corresponding to the ﬁnite-
dimensional distributions of ðX ft ÞtX0’’.
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We shall consider subordination of symmetric sub-Markov semigroups ðTtÞtX0 on
L2ðX ; mÞ; with X any measure space. From the general theory of semigroups ðTtÞtX0
as above (see e.g. [33,34,45,53,59,60]) we know that the generator L of ðTtÞtX0 is a
densely deﬁned, self-adjoint, negative-deﬁnite Dirichlet operator (see e.g. [20,53]
Chapter I) for the deﬁnition of Dirichlet operator), and vice versa, any Dirichlet
operator is the generator of a symmetric sub-Markov semigroup ([20]). (To simplify
notations, in the whole paper we simply write A for an operator, with the
understanding that A has deﬁnition domain DðAÞ: If A is taken on another domain
we specify it. We also make the same convention for bilinear forms.) Dirichlet
operators are also in one-to-one correspondence with symmetric Dirichlet forms
(DFs) E on L2ðX ; mÞ; the relation being given by
DomðEÞ ¼ Domð
ﬃﬃﬃﬃﬃﬃﬃ
L
p
Þ; ð5Þ
Eðf;cÞ ¼ ð
ﬃﬃﬃﬃﬃﬃﬃ
L
p
f;
ﬃﬃﬃﬃﬃﬃﬃ
L
p
cÞ 8f;cADomð
ﬃﬃﬃﬃﬃﬃﬃ
L
p
Þ; ð6Þ
E is by deﬁnition the Dirichlet form corresponding to the semigroup ðTtÞtX0
generated by L (see [20,33,34,53]).
Theorems 2.9, 2.11, 2.12 below were announced in [10,65] and proven in [9].
Theorem 2.9. Let L denote the generator of a symmetric sub-Markov semigroup
ðTtÞtX0Þ on L2ðX ; mÞ; and let L f be the generator of the subordinate sub-Markov
semigroup ðT f ÞtX0 then L f ¼ f ðLÞ where
f ðLÞ ¼ 
Z N
0
f ðlÞ dPl; ð7Þ
and Pl is the projection-valued measure associated to the operator L:
Remark 2.10. Characterization of domains of generators L f of (non-necessarily
symmetric) subordinate (sub-Markov) semigroups have been given before (see e.g.
[19,36]). The symmetric case with X ¼ Rd ; f complete Bernstein functions, and L a
pseudo-differential operator with symbol satisfying certain conditions is detailed
discussed in [42, Corollary 5.1]. In [67] an extension in the direction of our Theorem
2.9 was given, keeping however the assumption that f is a complete Bernstein
function.
Theorem 2.11. If ðL; DÞ is an operator core for L then ðf ðLÞ; DÞ is an operator core
for f ðLÞ:
(See also [66] for the proof of Theorem 2.11 in the case where the state space
is Rd).
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From Theorem 2.9 it follows that the Dirichlet form associated to ðT ft ÞtX0 is given
by E f with
DomðE f Þ ¼ Domð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðLÞ
p
Þ; ð8Þ
E f ðf;cÞ ¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðLÞ
p
f;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðLÞ
p
cÞ 8f;cADomð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðLÞ
p
Þ: ð9Þ
Theorem 2.12. If D is an operator core for
ﬃﬃﬃﬃﬃﬃﬃLp then D is an operator core forﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðLÞp :
Let us denote by jj  jjE1 the norm induced by the form E1; i.e.
ðjjujjE1 Þ2 ¼ Eðu; uÞ þ jjujj2 8uADomðEÞ: ð10Þ
Remark 2.13. Let DCDomðEÞ then the following statements are equivalent
(i) if D is an operator core for
ﬃﬃﬃﬃﬃﬃﬃLp then D is an operator core for ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃf ðLÞp ;
(ii) if D is jj  jjE1 -dense in DomðEÞ it is also jj  jjE
f
1 dense in DomðE f Þ;
(iii) if ðE; DÞ is closable then ðE f ; DÞ is closable.
In particular Theorem 2.12 gives us information about the closability of the
subordinate Dirichlet form E f :
2.2. Quasi-regular subordinate Dirichlet forms
From now on we assume that X is a Hausdorff topological space, B ¼ BðX Þ ¼
sðCðX ÞÞ; withBðX Þ the Borel s-algebra, CðX Þ the set of continuous functions on X ;
and m a s-ﬁnite, positive measure on ðX ;BðX ÞÞ: It is known that if the Dirichlet
form E is a ‘‘quasi-regular’’ Dirichlet form (q.r. D.F.) [53], the process ‘‘properly
associated’’ to E (or equivalently to the corresponding sub-Markov semigroup) is an
m-tight special standard process, in particular it is a ca`dla`g process which is also quasi-
left continuous and strong Markov.
Theorem 2.14 (see [53]). Let E be a quasi-regular Dirichlet form on L2ðX ; mÞ; then
up to m-equivalence there is a unique m-tight special standard process M ¼
ðO;FN; ðXtÞtX0; ðPzÞzAXDÞ on the extended space XD adapted to the natural filtration
ðFtÞtX0 such that M is properly associated with E:
(D is an isolated point and is the cemetery of the processM: If the life time ofM is
inﬁnite D is never reached by M:)
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Remark 2.15. The m-tight special standard process M ¼ ðO;FN; ðXtÞtX0; ðPzÞzAX Þ
properly associated to the quasi-regular Dirichlet form E constructed in [33,53] is
the canonical process on the Skorohod space D½Rþ-X 
; which is adapted to the
‘‘natural ﬁltration’’ ðFtÞtX0: (ðFtÞtX0 is obtained by ‘‘universally completing’’ the
ﬁltration ðF0t ÞtX0; ðF0t ÞtX0 ¼ sfosj0psptg; generated by the projections oðtÞ; see
e.g. (1.6), (1.7) Chapter IV, Section 1 [53].) We callM the ‘‘canonical’’ m-tight special
standard process properly associated to the q.r. Dirichlet form E: We remark that
any ‘‘canonical’’ process ðYtÞtX0 on ðXR
þ
;BðXRþÞÞ is adapted to ðF0t ÞtX0 and hence
adapted to the natural ﬁltration ðFtÞtX0:
The results in Theorem 2.16 and Lemma 2.17 are proven in [9] (they were
announced in [10,65]; they are needed in Section 4).
Theorem 2.16. Let f be a Bernstein function. If the symmetric Dirichlet form E on
L2ðX ; mÞ with generator L is quasi-regular then the symmetric Dirichlet form E f with
generator f ðLÞ is also quasi-regular.
Lemma 2.17. There is a constant CX0 such that for any subset NCX
CapE
f ðNÞpC CapEðNÞ; ð11Þ
where CapE ðCapE f Þ is the capacity of the starting Dirichlet form E (resp.
subordinate Dirichlet form E f ).
Remark 2.18. From Lemma 2.17 it follows in particular that
(i) any E-nest is also an E f -nest,
(ii) any E-exceptional set is also E f -exceptional,
(iii) if fAL2ðX ; mÞ is E-quasi-continuous then it is also E f -quasi-continuous.
(See e.g. [33,53] for the deﬁnition of the concepts of capacity, E-nest, E-exceptional
set, E-quasi-continuous function related to quasi-regular Dirichlet forms.)
3. Decomposition of additive functionals and martingale problems
In this section we prove a new result (Theorem 3.3) related to the decomposition
of additive functionals associated to quasi-regular Dirichlet forms. Together with the
results in [9,10,65], mentioned in Section 2, this characterizes subordinate (sub-)
Markov semigroups by means of the martingale problems on any set of essentially
self-adjointness of the starting generator, for which subordination has been
performed.
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3.1. The decomposition theorem for additive functionals
Let M ¼ ðO;FN; ðXtÞtX0; ðPzÞzAXDÞ be an m-tight special standard process
properly associated to E:
Let uADomðEÞ and
A
½u

t :¼ u˜ðXtÞ  u˜ðX0Þ; ð12Þ
where u˜ is an E-quasi continuous version of uADomðEÞ; then ðA½u
t ÞtX0 is an additive
functional (AF) of M (see [53, Deﬁnition 2.2, Chapter 6, Section 2]).
The following result holds [53, Theorem 2.5, Chapter VI].
Theorem 3.1 (Decomposition Theorem). If uADomðEÞ; then there exist unique
ðM ½u
ÞtX0AM
3
; ðN ½u
ÞtX0ANc; such that
A
½u

t ¼ M ½u
t þ N ½u
t ; ð13Þ
where
M
3
:¼ fMAMjeðMÞoNg; ð14Þ
where with eðAÞ we denote the energy of the AF ðAtÞtX0; i.e.
eðAÞ :¼ lim
t-0
1
2t
Em½A2t 
 ð15Þ
and with
M :¼fMjM is an AF of M; Ez½M2t 
oN; Ez½Mt
 ¼ 0;
for E q:e:zAX and all tX0g; ð16Þ
Nc :¼fN : N is a continuous AF s:th: eðNÞ ¼ 0; Ex½jNtj
oN
q:e: for each t40g; ð17Þ
M
½u

t ; N
½u

t are adapted to natural ﬁltration Ft of M:
Remark 3.2. For any MAM; M ½u
t is a square integrable martingale [33,34,53], and
the (continuous part of) the quadratic variation /M ½u
St is a positive continuous
additive functional (PCAF).
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* If uADomðLÞ; then u˜ðXtÞ  u˜ðX0Þ is a semimartingale, and
N
½u

t ¼
Z t
0
LuðXsÞ ds: ð18Þ
/M ½u
St can be computed by means of the following theorem which extends [6]
(from the case of classical Dirichlet forms to more general Dirichlet forms):
Theorem 3.3. Let E be a symmetric quasi-regular Dirichlet form on L2ðX ;B; mÞ:
Suppose that 1ADomðLÞ; where L is the generator corresponding to E; then for any
uADomðLÞ; such that u2ADomðLÞ;
/M ½u
St ¼
Z t
0
rðXsÞ ds; ð19Þ
where
rðxÞ ¼ Lu2ðxÞ  2uðxÞLuðxÞ: ð20Þ
Remark 3.4. In the case of locally compact spaces X this was already discussed e.g.
in [27]. In [20] the relation between the ‘‘carre´ du champ’’ of Dirichlet forms and
Feller semigroups is discussed. The validity of the corresponding relation for right
semigroups on such state spaces X is mentioned in Remark 4.3.10 of [20].
Before proving Theorem 3.3 we recall the following result.
Theorem 3.5 ([53] Theorem 2.4. Chapter VI). There is a one-to-one correspondence
between smooth measures m of E and positive continuous additive functionals (PCAF)
ðAtÞtX0 of M which is specified by
lim
t-0
Z
Ex
1
t
Z t
0
f ðXsÞ dAs
 
mðdxÞ ¼
Z
f ðxÞ dmðdxÞ 8fABþ; ð21Þ
where with Bþ we denote the positive measurable real functions on X :
Proof of Theorem 3.3. Let, for all nAN
un :¼ supfn; inffu; ngg: ð22Þ
We shall prove that 8nAN;
/M ½un
St ¼
Z t
0
rnðXsÞ ds; ð23Þ
where
rnðxÞ ¼ Lu2nðxÞ  2unðxÞ LunðxÞ: ð24Þ
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Applying the transfer method [53, Chapter VI] to Theorem 5.2.3. of [33], it follows
that
0p2Eðun f ; unÞ  Eðu2n; f Þ ¼
Z
f˜m/M ½un 
SðdxÞ 8fADomðEÞ-LNðX ; mÞ: ð25Þ
Moreover, it is easily checked that
2Eðun f ; unÞ  Eðu2n; f Þ ¼
Z
f ðxÞrnðxÞmðdxÞ; ð26Þ
so that
rnðxÞmðdxÞ ¼ m/M ½un 
SðdxÞ ð27Þ
and
rnðxÞX0 m-a:e: ð28Þ
Let
Nnt :¼
Z t
0
rnðXsÞ ds ð29Þ
then ðNnt ÞtX0 is a PCAF. Similarly to [33, Chapter V, Eq. (5.2.11)], by using Theorem
3.3.2 in [33], it can be proven that
Px½NntoN; tX0
 ¼ 1: ð30Þ
We will prove that the smooth measure corresponding to the PCAF ðNnt ÞtX0 is rnm;
so that by Theorem 3.5, Eq. (23) follows.
In fact
1
t
Z
X
Ex
Z t
0
f ðXsÞ dNns
 
mðdxÞ ¼ 1
t
Z t
0
Z
X
Ttð f ðxÞrnðxÞÞmðdxÞ
 
ds ð31Þ
¼ 1
t
Z t
0
Z
X
f ðxÞrnðxÞTt1mðdxÞ
 
ds
¼ 1
t
Z t
0
Z
X
f ðxÞrnðxÞ1mðdxÞ
 
ds ð32Þ
so that from Theorem 3.3 it follows that the smooth measure corresponding to the
PCAF ðNnt ÞtX0 is rnm:
We will now prove (19). First we remark that rX0 m-a.e.
Similar as for ðNnt ÞtX0 it follows that ðNtÞtX0 is a PCAF and the associated smooth
measure is m ¼ rm: Eq. (19) follows then from the following inequality, proven
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in [33, Lemma 5.4.6]
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ
j f j m/MuSðdxÞ
s

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ
j f jm/MunSðdxÞ
s" #2
p2jj f jjN Eðu  un; u  unÞ: & ð33Þ
3.2. Subordinate ‘‘nice’’ processes characterized by the corresponding
martingale problems
The theory of DFs provides also the possibility to characterize m-tight special
standard processes by proving the existence and uniqueness of the solution to the
corresponding martingale problems. In fact if ‘‘Markov uniqueness’’ (see [7,30] for
this concept) holds for ðE; DÞ with DCDomðLÞCDomðEÞ where E is a symmetric
quasi-regular Dirichlet form, then the m-tight special standard process properly
associated to E uniquely solves the martingale problem for the generators L on D [7].
Markov uniqueness for ðE; DÞ is guaranteed in case ðL; DÞ satisﬁes the stronger
property of being essentially self-adjoint in L2ðX ; mÞ: In Theorem 3.9 we characterize
subordinate (sub-) Markov processes by means of the corresponding martingale
problems on the sets D of essentially self-adjointness of the starting generator L; for
which subordination is performed (for the general case where only Markov
uniqueness holds we refer to [7]).
Deﬁnition 3.6. Let E be a symmetric quasi-regular Dirichlet form with generator L
on L2ðX ; mÞ; and let DCDomðLÞ: An m-tight special standard process M ¼
ðO;FN; ðXtÞtX0; ðPzÞzAXDÞ satisﬁes the MP for ðL; DÞ under ðPzÞzAXD if
for any uAD;
M
½u

t :¼ u˜ðXtÞ  u˜ðX0Þ 
Z t
0
LuðXsÞ ds ð34Þ
is anFt-martingale under ðPzÞzAXD for E-q.e. starting point z ¼ X0AX ; whereFt is
the natural ﬁltration of M; and u˜ is any E f -quasi continuous version of u:
Theorem 3.7 ([7]). Let E be a symmetric quasi-regular Dirichlet form with generator L
on L2ðX ; mÞ: Assume ðL; DÞ is essentially self-adjoint for some DCDomðLÞ; then up to
‘‘m-equivalence’’ there is a unique m-symmetric, m-tight special standard process
M ¼ ðO;FN; ðXtÞtX0; ðPzÞzAXDÞ satisfying the MP for ðL; DÞ:
Remark 3.8. Under the same hypothesis of Theorem 3.7 there is up to
‘‘m-equivalence’’ a unique m-symmetric, m-tight special standard process M ¼
ðO;FN; ðXtÞtX0; ðPzÞzAXDÞ satisfying the MP for ðL; DÞ under Pm :¼
R
Pz dm;
i.e. s.th. for any uAD M ½u
t is an Ft-Martingale under Pm:
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From Theorems 3.7, 2.11, 3.3, the following theorem follows easily:
Theorem 3.9. Let f be a Bernstein function and E be a symmetric quasi-regular
Dirichlet form with generator L on L2ðX ; mÞ: Assume that DCDomðLÞ and ðL; DÞ
essentially self-adjoint. Then up to m-equivalence there is a unique m-symmetric,
m-tight special standard process M f ¼ ðO;F fN; ðXtÞ ftX0; ðPzÞ fzAXDÞ satisfying the
following E f -MP for ðf ðLÞ; DÞ: for any uAD;
M
½u
;f
t :¼ u˜ðX ft Þ  u˜ðX f0 Þ þ
Z t
0
f ðLÞuðX fs Þ ds ð35Þ
is an F
f
t -martingale under ðPzÞ fzAXDÞ for E f -q.e. starting point X0 ¼ zAX ;
where F
f
t is the natural filtration of M
f ; and u˜ is any E f -quasi continuous version
of u:
M f is properly associated to the subordinate sub-Markov semigroup ðT ft ÞtX0
If in addition u2ADomð f ðLÞÞ; then the quadratic variation of M ½u
;ft is
/M ½u
;fSt ¼
Z t
0
½f ðLÞu2ðX fs Þ þ 2uðX fs Þf ðLÞuðX fs Þ
 ds: ð36Þ
4. Subordinate Ornstein–Uhlenbeck processes on ﬁnite- and inﬁnite-dimensional
spaces
4.1. Symmetric regular non-local Dirichlet forms obtained by subordination
of Ornstein–Uhlenbeck processes on R
In this section we ﬁrst list some known results concerning Ornstein–Uhlenbeck
(OU) processes on R and then analyze the corresponding subordinate processes
(and corresponding Dirichlet forms). All the results mentioned here can be easily
generalized to the case of Rd : We do not do it here explicitly, since this case will
appear as a special case of our treatment of inﬁnite-dimensional state spaces
(Sections 4.2–4.6).
Let X ¼ R; and m ¼ ma; a40; a Gaussian measure on R with zero mean and
variance a1: Let
Eaðu; vÞ ¼
Z
rurv dmaðxÞ 8u; vAHa; ð37Þ
whereHa is the linear span of Hermite polynomials in R associated to ma; i.e. the set
of ﬁnite linear combinations of the scaled Hermite polynomials
: xn :a :¼ Hnðx=
ﬃﬃﬃﬃﬃﬃﬃ
a1
p
Þ; ð38Þ
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where
H0ðxÞ :¼ 1; ð39Þ
HnðxÞ ¼ ð1Þ
nﬃﬃﬃﬃ
n!
p expðx2=2Þ d
n
dxn
ðexpðx2=2Þ; nAN ð40Þ
are the normalized Hermite polynomials.
Let
: expðuxÞ :a:¼ expðux  a1u2=2Þ ð41Þ
then
: expðuxÞ :a¼
XN
n¼0
unﬃﬃﬃﬃ
n!
p an=2 : xn :a ð42Þ
Remark 4.1. The so deﬁned ðR; maÞ-random variables : xn :a differ from the usually
deﬁned nth Wick powers random variables (see e.g. [69]) by the factor 1ﬃﬃﬃ
n!
p an=2:
Eq. (41) corresponds instead exactly to the usual deﬁned Wick exponential
(consequently, (42) differs from the usual relation between Wick exponential and
Wick powers by the coefﬁcient factor 1ﬃﬃﬃ
n!
p a
n
2 instead of 1
n!).
It is well-known (see e.g. [20,62]), that the above Hermite polynomials form an
orthonormal basis (ONB) in L2ðmaÞ :¼ L2ðR; maÞ; which is the direct sum of the
subspaces Hna :¼ fa : xn :a; aARg: This decomposition is called the ‘‘chaos decom-
position’’. Moreover, the following results are well-known (see e.g. [5,20,55])
Theorem 4.2. ðEa;HaÞ is closable in L2ðmaÞ; its closure Ea is a regular Dirichlet form.
The corresponding generator La is essentially self-adjoint on Ha (and other natural
domains, like SðRÞ and CN0 ðRÞ in L2ðmaÞ).
It is easy to check, by integrating by parts in (37), that, onHa La ¼ D axr:
From the deﬁnition of : xn :a we easily get La : x
n :a¼ na : xn :a :
Remark 4.3. It follows that La ¼ dGðaÞ; where dGðaÞ denotes the second
quantization operator (see e.g. [61, Chapter VIII], or [69, Chapter I]) of the
multiplication operator aI ; I being the identity operator on R: (The same holds
when the state space is Rd instead of R; corresponding results in inﬁnite-dimensional
state spaces are reported in Section 4.5).
Let P al be the projection-valued measure associated to La:
ðP al : xn :a; : xm :aÞ ¼ dn;mdl;an; ð43Þ
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hence, with Tat ¼ etLa :
Tat : x
n :a¼ eant : xn :a : ð44Þ
Tat is called the Ornstein–Uhlenbeck semigroup (given by ma).
Moreover, by the spectral decomposition:
ðTat eixa; : xn :aÞ ¼
Z N
0
etl ðdPaleixl; : ln :aÞ ð45Þ
¼ eða1x2=2Þ
Z N
0
etl ðdPal : eixl :a; : ln :aÞ ð46Þ
so that
ðTat eixa; : xn :aÞ ¼
eða
1x2=2ÞðixÞnan=2etnaﬃﬃﬃﬃ
n!
p ð47Þ
and
Tat ðexp ðixxÞÞ ð48Þ
¼ ea1x2=2
XN
n¼0
ðixÞnan=2ﬃﬃﬃﬃ
n!
p enat : xn :a ð49Þ
¼ expða1x2=2Þ : expðixeatxÞ : ð50Þ
¼ expðixeatxÞexp ðða1=2Þx2ð1 e2atÞÞ; ð51Þ
the sum converging in L2ðR;maÞ:
Let ðJan ÞnAN be the projections of L2ðmaÞ ontoHna: From (44), (47) the following results
follow from the Wiener chaos decomposition of L2ðmaÞ and Theorem 4.2 (see e.g. [38]):
Theorem 4.4. The Ornstein–Uhlenbeck semigroup ðTat ÞtX0 (resp. generator La;
Dirichlet form Ea) admits the following decomposition on L
2ðmaÞ:
Tat uðoÞ ¼
XN
n¼0
enatJan ðuÞðoÞ; oAE; uAL2ðmaÞ; ð52Þ
DomðLaÞ ¼ uAL2ðR; maÞ :
XN
n¼0
n2jjJan ðuÞjj2oN
( )
; ð53Þ
Lau ¼ 
XN
n¼1
naJan ðuÞ; ð54Þ
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DomðEaÞ ¼ Domð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
La
p
Þ ¼ uAL2ðR; maÞ :
XN
n¼0
njjJan ðuÞjj2oN
( )
; ð55Þ
Eaðu; vÞ ¼
XN
n¼1
nJan ðuÞJan ðvÞ 8u; vADomð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
La
p
Þ; ð56Þ
where all the sums are converging in the norm jj  jjL2ðmaÞ:
From Theorem 3.7 and Remark 3.8 it follows that there is a unique Hunt process
Ma ¼ ðO;FN; ðXtÞtX0; ðPxÞxARÞ; which solves the MP for ðLa;HaÞ: From the
decomposition theorem applied to uðxÞ ¼ x and further results in [6] it follows in
particular that there is an Ea-exceptional set N; such that 8xAX \N; oAO:
XtðoÞ  x ¼ a
Z t
0
XsðoÞ ds þ BtðoÞ; ð57Þ
X0ðoÞ ¼ x ð58Þ
ðXtÞtX0 is the unique solution of the initial value problem (57), (58) for every
xAX \N: It is well-known that Xt has a version with continuous paths (as seen, e.g.
by Kolmogorov–Prohorov criterium), that can be started at every point xAR:
Moreover one has (see, e.g., [12,62]).
Theorem 4.5. Let ðBtÞtX0 be the canonical Brownian motion (i.e. the Brownian motion
BtðoÞ :¼ oðtÞ on CðRþ-RÞ). The initial value problem (57), (58) has a unique strong
solution ðXtÞtX0; 8xAR on the Wiener space C½Rþ-R
:
Remark 4.6. From Theorem 4.5 it follows, 8xAR;
XtðoÞ ¼ eatx þ eat
Z t
0
eas dBsðoÞ; 8tX0 ð59Þ
8oAO: By integrating by parts we have pathwise
Xt ¼ eatx  eata
Z t
0
easBs ds þ Bt; 8tX0: ð60Þ
From Remark 3.2 it follows, pathwise,
eatx  x  eata
Z t
0
easBs ds ¼ a
Z t
0
Xs ds ¼
Z t
0
LaXs dsANc: ð61Þ
Let ðTa; ft ÞtX0 be the subordinate semigroup of the Ornstein–Uhlenbeck semigroup
ðTat ÞtX0 w.r.t. the Bernstein function f on L2ðmaÞ: Let L fa (resp. E fa ) be the
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corresponding generator (resp. Dirichlet form). From Theorems 2.11, 2.16, and 4.2
we get
Corollary 4.7. E fa is a regular Dirichlet form and is the closure of ðE fa ;HaÞ: The
generator L fa is essentially self-adjoint on Ha:
In order to apply the results of Sections 2.6, 2.7, we have to ﬁnd how the generator
L fa acts on Ha; and this is the content of the following lemma and theorem.
Lemma 4.8.
ðiÞ L fa : xn :a¼ f ðnaÞ : xn :a; Ta; ft : xn :a¼ etf ðanÞ : xn :a ð62Þ
ðiiÞ ðTa; ft eixx; : xn :aÞ ¼
eða
1x2=2ÞðixÞnan=2etf ðnaÞﬃﬃﬃﬃ
n!
p : ð63Þ
Proof of Lemma 4.8. From (43) and Theorem 2.9 it follows
ðL fa : xn :a; : xm :aÞ ¼ f ðanÞdn;m; ðTa; ft : xn :a; : xm :aÞ ¼ etf ðanÞdn;m ð64Þ
and hence property (i).
(ii) is then a consequence of (42), (43). &
Theorem 4.9
ðiÞ Ta; ft F ¼
XN
n¼0
ef ðnaÞtJan ðFÞ; FAL2ðmaÞ; ð65Þ
ðiiÞ DomðL fa Þ ¼ uAL2ðmaÞ :
XN
n¼0
f ðnaÞ2jjJan ðuÞjj2oN
( )
; ð66Þ
L fa u ¼ 
XN
n¼1
f ðnaÞJan ðuÞ; ð67Þ
ðiiiÞ DomðE fa Þ ¼ Dom
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L fa
q 
ð68Þ
¼ uAL2ðmaÞ :
XN
n¼0
f ðnaÞjjJan ðuÞjj2oN
( )
; ð69Þ
E fa ðu; vÞ ¼
XN
n¼1
f ðnaÞJan ðuÞJan ðvÞ 8u; vADom
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L fa
q 
ð70Þ
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ðivÞ Ta; ft ðexp ðixxÞÞ ¼ ea
1x2=2
XN
n¼1
ðixÞnan=2ﬃﬃﬃﬃ
n!
p etf ðnaÞ : xn :a; ð71Þ
where all the sums are converging in the jj  jjL2ðmaÞ-norm.
Proof of Theorem 4.9. (i) and (iv) follow from the chaos decomposition of L2ðmaÞ
and Lemma 4.8. In the proof of (ii) and (iii) Corollary 4.7 is also used. &
From Corollary 4.7, Theorem 3.9 and Lemma 4.8 we have
Corollary 4.10. Up to ma-equivalence there is a unique ma-symmetric, ma-tight special
standard process M fa ¼ ðO;FN; ðX ft ÞtX0; ðPzÞzAX Þ satisfying the MP for ðf ðaÞ; DÞ
with D ¼Ha:
Theorem 4.11. Let ðBtÞtX0 be the canonical Brownian motion with zero mean, and
variance 2t; and let ðyðtÞÞtX0 be the canonical Le´vy process associated to the
subordinator f ; independent of ðBtÞtX0: Let ðLtÞtX0 be the canonical Le´vy process with
symbol given by f ðk2Þ; i.e. with Fourier transform
E fx ½eikLt 
 ¼ etf ðjkj
2Þ; kAR; xAX : ð72Þ
The ma-tight special standard process M
f
a ¼ ðO;FN; ðX ft ÞtX0 properly associated to
E fa solves the initial value problem
X
f
t ¼ eayðtÞx  eayðtÞa
Z yðtÞ
0
easBs ds þ Lt 8tX0; ð73Þ
X
f
0 ¼ x ð74Þ
Px-a.s., 8xAX :
ðBtÞtX0; ðLtÞtX0 and ðyðtÞÞtX0 are adapted to the natural filtration ðF ft ÞtX0 of
ðX ft ÞtX0; moreover ðLtÞtX0 and ðX ft  LtÞtX0 are AF (in the sense of Section 2.8)
of ðX ft ÞtX0:
Remark 4.12. From the well-known Le´vy–Ito decomposition for Le´vy processes
with values on R (see e.g. [58,66, Chapter IV]), it follows that
Lt ¼
Z
jxjp1
xðNtðdxÞ  tnðdxÞÞ þ gt þ
Z
jxj41
xNtðdxÞ þ Bst : ð75Þ
Here ðBst ÞtX0 is a Brownian motion with zero mean and variance s2t:
NtðBÞ ¼
R
B
NtðdxÞ; is a Poisson process independent of Bst ; with parameter nðBÞ;
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BABðR\0Þ: n is a Le´vy measure, i.e. a s-ﬁnite measure on R\f0g; such thatR
minðx2; 1ÞnðdxÞoN: From [66, Theorem 30.1, Chapter VI], where the dependence
of the triplet ðs; n; gÞ in terms of b and m f (with b resp mf as in 2) is computed for
general subordinate Le´vy processes, it follows g ¼ 0; s2 ¼ 2bt and
nðBÞ ¼
Z N
0
m f ðdsÞ
Z
B
dx
e
x2
2sﬃﬃﬃﬃﬃﬃﬃ
2ps
p 8BABðR\0Þ: ð76Þ
In the following Corollary we distinguish the martingale part from the drift
part in (73).
Corollary 4.13. ðX ft ÞtX0 is decomposed in the following way:
X
f
t  x ¼ N ft þ M ft ; ðN ft ÞtX0ANc; ðM ft ÞtX0AM
3
ð77Þ
with
N
f
t ¼
Z t
0
L f X fs ¼ f ðaÞ
Z t
0
X fs ds ð78Þ
M
f
t ¼
X3
j¼1
M
j
t ; M
j
t ;AM
3
; j ¼ 1; 2; 3: ð79Þ
Here
M1t :¼
Z
jxjp1
xðNtðdxÞ  tnðdxÞÞ; ð80Þ
M2t :¼ eayðtÞx  x  eayðtÞa
Z yðtÞ
0
easBs ds þ
Z
jxj41
xNtðdxÞ þ f ðaÞ
Z t
0
X fs ds; ð81Þ
and M3t ¼ Bst ; with s; n like in Remark 4.12.
X
f
t is up to ma-equivalence the unique ma-symmetric, ma-tight special standard
process, which solves the following SDE:
dX
f
t ¼ f ðaÞX ft dt þ dM ft ; ð82Þ
X0 ¼ x ð83Þ
8xAR:
Remark 4.14. The martingale M2t ; is given here in terms of ðX ft ÞtX0: The MP for
ðL fa ;HaÞ can also be reduced to the following MP: up to ma-equivalence the unique
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ma-symmetric, ma-tight special standard process, for which ðM2t ÞtX0 is a martingale
for q.e. xAR; is the subordinate Ornstein–Uhlenbeck process ðX ft ÞtX0:
For the corresponding analysis in the inﬁnite-dimensional case, described in
Section 3.5, the martingale (resp. drift) part in the decomposition of the projections
of ðX ft ÞtX0 is not the projection of a process on the inﬁnite-dimensional state space
X (see Remark 4.33 below), so that a description of the process in terms of a unique
solution of the initial value problem (73),(74) is relevant for our further analysis on
the inﬁnite-dimensional state space X (more than an explicit expression for M2t and
hence M
f
t in (82)).
Proof of Theorem 4.11. Let ðXtÞtX0 be the canonical Ornstein–Uhlenbeck process in
Theorem 4.5. Let ðLtÞtX0 ¼ ðByðtÞÞtX0; with ðyðtÞÞtX0 a canonical Le´vy process
independent of ðXtÞtX0 (and hence also of ðBtÞtX0) associated to the Bernstein
function f : It can be easily checked, that LtðÞAD½Rþ-R
:
The Fourier transform of ðLtÞtX0 is given by (72), so that ðLtÞtX0 is the canonical
Le´vy process with symbol f ðk2Þ (see e.g. [66, Chapter II] for the relation between
inﬁnitely divisible laws and Le´vy processes).
From Remarks 2.8, 2.15 and Eq. (60) it follows that ðX ft ÞtX0 is the canonical
ma-tight special standard process properly associated to E
f
a : Moreover from
Remark 2.15 it follows that ðyðtÞÞtX0; ðBtÞtX0 and ðLtÞtX0 are adapted to the
natural ﬁltration ðF ft ÞtX0 of ðX ft ÞtX0:
From the deﬁnition of subordinator, and Brownian motion, it follows that
jLtðoÞjoN for tX0; L0 ¼ 0; for P fx almost every oAD½Rþ-R
 8xAX ; so that
ðLtÞtX0 and hence also ðXt  x  LtÞtX0 are AF of Ma: &
Proof of Corollary 4.13. The decompositions in the sums (77) and (79) follow from
Theorem 4.11.
That ðNtÞtX0ANc is proven (in greater generality) in [33] (cfr. (5.2.11) and
(5.2.12)).
That ðM1t ÞtX0; ðM3t ÞtX0 are martingales with zero mean is easily seen. That they
have ﬁnite energy follows from Ex½ðM1t Þ2
 ¼ b2t and Ex½ðM2t Þ2
 ¼ t
R
jxjo1 x
2nðdxÞ: It
follows that ðM1t ÞtX0; ðM2t ÞtX0AM
3
:
Moreover, as xADomðL fa Þ it follows that Xt  x 
R t
0 L
f
a X
f
s ds is a martingale
w.r.t the ﬁltration generated by ðX ft ÞtX0 (see e.g. [31, Chapter IV, Proposition 1.7])
and hence w.r.t. the natural ﬁltration ðF ft ÞtX0: It follows that Xt  x R t
0 L
f
a X
f
s ds  M1t  M3t ¼ M2t is a martingale (with jumps). From the decomposi-
tion Theorem 3.1 it follows that ðM2t ÞtX0AM
3
: That ðX ft ÞtX0 is up to ma-equivalence
the unique ma-symmetric, ma-tight special standard process which solves Eq. (82) is a
consequence of Corollary 4.10. &
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4.2. Coordinate free classical DFs
We present here some example of coordinate free classical Dirichlet forms
properly associated to inﬁnite-dimensional Ornstein–Uhlenbeck processes. For
references to such processes see, e.g. [3–5,21,23–25,38–40,46,71]. In Sections 4.3–4.6
we study the corresponding subordinate Dirichlet forms and processes.
Let
D :¼FCNb ðXÞ ¼ f f ðl1;y; lnÞ : nAN; fACNb ðRnÞ; l1ylnAX 0g; ð84Þ
where CNb ðRnÞ is the set of all inﬁnitely differentiable bounded functions in Rn:
FCNb ðX Þ is a dense subset of L2ðX ; mÞ:
Example 1 (Albeverio and Ro¨ckner [4]). Let ðX ; H; mI Þ be an abstract Wiener space
(a.W.s.), i.e. H a Hilbert space, HCX ; X a Banach space obtained by closing H
w.r.t. a measurable seminorm, mI a Gaussian measure on X with unit covariance
operator (i.e. mI is the standard normal distribution associated with H; supported
by X ) (see e.g. [21,46,47,71]). Every kAH\f0g is well-mI -admissible. It follows
that ðE;FCNb ðXÞÞ with
Eðu; vÞ ¼
Z
/ru; rvSH dmI u; vAFCNb ðX Þ ð85Þ
is closable on L2ðX ; mIÞ and its closure ðEI ; DomðEI ÞÞ :¼ ðE;FCNb ðXÞÞ is a
(coordinate free classical) Dirichlet form on L2ðX ; mI Þ [4]. Moreover, it is a quasi-
regular Dirichlet form. The generator L is essentially self-adjoint on FCNb ðX ÞÞ:
Example 2. (a) Let ðX ;BðXÞÞ be a Banach space with Borel s-algebra BðXÞ: Let X 0
be the topological dual of X : Let m be a mean-zero Gaussian probability measure on
ðX ;BðXÞÞ(with a certain covariance B). Let H1 be the real-Hilbert space obtained by
completing X 0 w.r.t. the norm associated with the inner product
ðl1; l2ÞH1 :¼
Z
X
l1ðzÞl2ðzÞmðdzÞ; liAX 0; i ¼ 1; 2: ð86Þ
Let A be a self-adjoint operator on H1; s.th. AXcidH1 for some c40: Consider the
associated contraction semigroup ðetAÞtX0 on H1: Let Tt :¼ GðetAÞ in L2ðX ;mÞ be
the second quantization of etA (see e.g. [59, Chapter VIII], or [69, Chapter I]).
ðTtÞtX0 is a strongly continuous self-adjoint semigroup of contractions. Let L be its
generator, i.e. Tt ¼ etL; L is the second quantization of A; i.e. L ¼ dGðAÞ: The
Dirichlet form associated with ðTtÞtX0 depends on A and will be denoted by EA: It
has deﬁnition domain DomðEAÞ ¼ Domð
ﬃﬃﬃﬃﬃﬃﬃLp Þ and is given by EAðu; vÞ ¼
ð ﬃﬃﬃﬃﬃﬃﬃLp u; ﬃﬃﬃﬃﬃﬃﬃLp vÞ; where ð; Þ is the scalar product in L2ðX ; mÞ: If we set H :¼
DomðAÞ with inner product /h1; h2SH :¼ ð
ﬃﬃﬃﬃ
A
p
h1;
ﬃﬃﬃﬃ
A
p
h2ÞH1 ; h1; h2AH; and if H is
densely and continuously contained in X ; then [6] EA is a classical quasi-regular local
ARTICLE IN PRESS
S. Albeverio, B. R .udiger / Journal of Functional Analysis 204 (2003) 122–156 141
Dirichlet form, closure of
EAðu; vÞ ¼
Z
/ru;rvSH1 dm u; vAFCNb ðXÞ: ð87Þ
L is essentially self-adjoint on FCNb ðXÞ (see, e.g., [5]). Example 1 can be looked
upon as a particular case of Example 2, for A ¼ 1:
(b) A further particular case of example 2 is the one where H1 is a separable
Hilbert space, the completion of a given separable Hilbert space H with scalar
product
ðf;cÞH1 :¼ ð
ﬃﬃﬃﬃ
A
p
f;
ﬃﬃﬃﬃ
A
p
cÞH ð88Þ
with f; cAH; A a bounded symmetric strictly positive linear operator in H:
Let mA be the ﬁnitely additive cylinder measure on H with mean zero and
covariance given by A1 (i.e. Fourier transform #mAðaÞ ¼ e1=2ða;A1aÞH ). If mA is
s-additive on a Banach space X which contains H densely and continuously then
ðH1; X ; mAÞ is an abstract Wiener space (and H1 is the reproducing kernel of mA; and
can be identiﬁed with H1 in example 2a) above).
The classical (quasi-regular) Dirichlet form EA associated with ðH1; X ;mAÞ is
given by the closure of Eðu; vÞ ¼ R
B
/ru;rvSH dmA u; vAFCNb ðXÞ: There is an
X -valued process by [4] (see also [3]) properly associated with EA and it satisﬁes
the SDE
dXt ¼ AXt dt þ dBt: ð89Þ
with Bt the Brownian motion with state-space X ; zero mean and variance operator I.
One has etL ¼ GðetAH1 Þ; where AH1 is A considered on H1 (with domain DðA3=2Þ;
(A3=2 in H)). L is essentially self-adjoint on FCNb ðXÞ in L2ðX ; mAÞ:
Example 3 ([4]). Let X ¼ S0ðRdÞ be the Schwartz space of distributions equipped
with the sðS0; SÞ-topology, where S :¼ SðRdÞ is the associated test function space
(and S00 ¼ SCS0). H :¼ L2ðRdÞ is the tangent space. Let A ¼ ðDþ M2Þa; a ¼ 1;
resp. a ¼ 1=2; M40; mA the Gaussian measure on S0ðRdÞ with covariance operator
A1 (mA exists by Minlos–Sazonov theorem, see e.g. [70]) then the closure
EA :¼ ðEA;FCNb ðX ÞÞ of ðEA;FCNb ðX ÞÞ; with
EAðu; vÞ ¼
Z
/ru;rvSH dmA u; vAFCNb ðXÞ; ð90Þ
is a coordinate free classical Dirichlet form on L2ðS0ðRdÞ; mAÞ: Moreover, it is a
quasi-regular local Dirichlet form [4]. It is called ‘‘space–time free ﬁeld’’ (and then d
has the meaning of ‘‘space–time dimension’’), resp. ‘‘time-zero free ﬁeld’’ of mass M
(and then d has the meaning of space dimension). kASðRdÞ; ka0; is well-mA-
admissible.
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Let us give an example of a quasi-regular Dirichlet form obtained by a
perturbation of the space–time free ﬁeld. As we shall see in Section 3.4,
Remark 4.23, this is the Dirichlet form to which the process which weakly solves
the SQE is properly associated.
Example 4 ([4]). Let X ¼ S0ðR2Þ; H ¼ L2ðR2Þ; mA as in example 3 with a ¼ 1: Let
VðzÞ :¼ /1L; : z4 : S where 1L denotes the indicator function on an open bounded
rectangle LCR2; : z4 : the fourth Wick power of z (with respect to mA), as deﬁned e.g.
in [38] (it is obtained, in our notations, as the L2ðmAÞ-limit as e-0 of random
variables of the form :zðheÞ
4:ﬃﬃﬃ
4!
p ; for suitable he). Consider
dm%L ðzÞ :¼
expðVðzÞÞR
expðVðzÞÞ dmA
dmAðzÞ; zAS0ðR2Þ: ð91Þ
It has been proven (see, e.g., [1,35,38,69]) that m%L is a well-deﬁned probability
measure on S0ðR2Þ and that the weak limit limL-R2 m%L ¼: m%A exists (on S0ðR2Þ).
Moreover, it has been proven in [4,5] that the closure of ðE%L ;FCNb ðX ÞÞ; with
E%L ðu; vÞ ¼
Z
/ru;rvSH dm%L u; vAFCNb ðXÞ; ð92Þ
is a coordinate free classical Dirichlet form on L2ðS0ðR2Þ; m%L Þ and that every
kASðR2Þ\f0g is well-m%L -admissible [4]. As such it is a quasi-regular local Dirichlet
form.
4.3. Ornstein–Uhlenbeck semigroups and generators
Let mA be a Gaussian measure on a Banach resp. dual nuclear space X with
some covariance operator A1 (as in the examples of the previous section).
Let feigiAN be an orthonormal basis of elements in X 0 with linear closure H: It is
well-known [38,55], that L2ðX ; mAÞ admits a chaos decomposition, i.e. L2ðX ; mAÞ
¼"HnAðX Þ; nAN0; where H0AðX Þ ¼ R and HnAðXÞ is the linear subspace
with orthonormal basis given by ONBnA; the products of Hermite polynomials of
order n; i.e.
ONBnA :¼
Yl
i¼1
: /x; kiSni :A1 ; lAN; n1 þ?þ nl ¼ n; k1;y; klAfeigiAN
( )
; ð93Þ
where
Yl
i¼1
: /x; kiSni :A1¼
Yl
i¼1
: /x; kiSni :/A1ki ;kiS1 ð94Þ
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with : /x; kSn :/A1k;kS1¼: yn :a; with a1 ¼ /A1k; kS; y ¼ /x; kS; and where :
yn :a; yAR denotes, according to the deﬁnition in (38), the one-dimensional nth
Hermite polynomial in L2ðR; dmaÞ:
We remark that HnAðX Þ ¼ Pn~Pn1; i.e. HnAðXÞ is the orthogonal complement
of the direct sum H0ðX Þ"?"Hn1ðX Þ in Pn; where Pn is the set of functions
pnðk1ðoÞ;yknðoÞÞ; nAN; oAX ; kiAX 0; pn a polynomial of order pn; and Pn its
closure in L2ðE; mÞ:
Let
: expðu/x; kÞ :A:¼ expðu/x; kS u
2
2
/A1k; kSÞ; kAX 0 ð95Þ
then
: expðu/x; kSÞ :A¼
XN
n¼0
unﬃﬃﬃﬃ
n!
p /A1k; kSn=2 : /x; kSn :A; ð96Þ
where the series converges in the jj  jjL2ðX ;mAÞ norm.
From Theorem 7.4 in [6] it follows that the Markov semigroups ðTAt ÞtX0 on
L2ðX ; mAÞ corresponding to the quasi-regular Dirichlet forms EA in examples 1–3 are
given by TAt ¼ etdGðAÞ; where dGðAÞ is the ‘‘second quantisation’’ (see e.g. [61,
Chapter VIII], or [66, Chapter I] of the operator A: (Thus dGðAÞ is the closure of
the operator ðdGðAÞ;HAðX ÞÞ; where HAðXÞ is the set of linear combinations of
elements in ONBnAðX Þ:
The following results can be found in [38,55,66].
Theorem 4.15. Let EA be the Dirichlet form in examples 1–3 (with A ¼ I in case of
example 1). EA is a quasi-regular Dirichlet form and is properly associated to the
Ornstein–Uhlenbeck semigroup ðTAt ÞtX0 ¼ ðetdGðAÞÞtX0; where dGðAÞ is the second
quantisation of the operator A:
Let ðJAn ÞnAN be the projections of L2ðX ; mAÞ onto HnAðXÞ; the Ornstein–Uhlenbeck
semigroup ðetdGðAÞÞtX0 (resp. generator dGðAÞ; Dirichlet form EA) admits the
following decomposition on L2ðX ; mAÞ
etdGðAÞuðoÞ ¼
XN
n¼0
etdGðAÞJnðuÞðoÞ; oAX ; uAL2ðX ; mAÞ; ð97Þ
DomðdGðAÞÞ ¼ uAL2ðX ; mAÞ :
XN
n¼0
jjdGðAÞJAn ðuÞjj2oN
( )
; ð98Þ
dGðAÞu ¼
XN
n¼1
dGðAÞJAn ðuÞ; ð99Þ
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DomðEAÞ ¼ Domð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dGðAÞ
p
Þ ð100Þ
¼ uAL2ðX ; mAÞ :
XN
n¼0
ðdGðAÞJAn ðuÞ; JAn ðuÞÞoN
( )
; ð101Þ
EAðu; vÞ ¼
XN
n¼1
ðdGðAÞJAn ðuÞ; JAn ðvÞÞ 8u; vADomð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dGðAÞ
p
Þ; ð102Þ
where the sums in (97), (98) are converging in the norm jj  jjL2ðX ;mAÞ:
From the above theorem and further analysis it follows in particular [6,38] that the
statements in examples 1–3 are still true if instead ofFCNb ðXÞ we considerHAðX Þ;
orFPðXÞ (whereFPðXÞ is deﬁned as in Deﬁnition (84) but with PðRnÞ instead of
CNb ðRnÞ; with PðRnÞ the set of polynomials in Rn). In fact the following holds:
Theorem 4.16 ([4]). Let EA be the coordinate free classical DF in examples 1–3. Let
D ¼FCNb ðX Þ or D ¼FPðXÞ; resp. D ¼HAðXÞ: ðdGðAÞ; DÞ; is essentially self-
adjoint in L2ðX ; mAÞ and EA ¼ ðEA; DÞ:
From Theorems 4.16 and 3.7 it follows
Corollary 4.17. Let D ¼FCNb ðXÞ or D ¼FPðXÞ; resp. D ¼HAðXÞ: Up to
‘‘mA-equivalence’’ there is a unique mA-symmetric, mA-tight special standard process
MA ¼ ðO;FN; ðXtÞtX0; ðPzÞzAX Þ satisfying the MP for ðdGðAÞ; DÞ:
4.4. SDEs corresponding to coordinate free classical DFs
In [6] the SDEs corresponding to the DFs in examples 1–4 in Section 3.2 were
constructed.
Theorem 4.18. Let E; X ; H; mA; like in examples 1–4 (with A ¼ I in case of
example 1). Let M ¼ ðO;FN; ðXtÞtX0; ðPxÞxAX Þ be the mA-tight special standard
process properly associated to E; and ðFtÞtX0 its natural filtration. Then the following
statements hold for q.e. xAX :
(i) There exists a BðXÞ=BðXÞ measurable function b : X-X s.th., Px-a.s.
bkðXtÞ ¼ /k; bðXtÞS 8tX0; 8kAX 0; ð103Þ
(where bk is the logarithmic derivative of mA [6]);
(ii) there exists a Ft-adapted Brownian motion ðBtÞtX0 with state space X s.th., Px-a.s.
/k; BtS ¼ Bkt 8tX0; 8kAX 0; ð104Þ
where Bkt is the canonical Brownian motion, with variance tjjkjj2:
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(iii) Px-a.e; ðBtÞtX0 is a canonical Brownian motion on X ;
Xt ¼ x þ Bt þ 1=2
Z t
0
bðXsÞ ds 8tX0: ð105Þ
Remark 4.19. From Theorem 4.18 and further analysis [6] it follows that for
q.e. xAX ; Px-a.s.
/k; XtS ¼ /k; xSþ/k; BtSþ
Z t
0
/k; bðXsÞS ds 8tX0; 8kAX 0: ð106Þ
Bt is the Brownian motion on X with quadratic variation given by the operator 2t:
For q.e. xAX ; Px-a.s.
/k; bðXtÞS ¼ / Ak; XtS 8tX0 ð107Þ
in examples 1–3 and, respectively,
/k; bðXtÞS ¼ / Ak; XtS/k; : X 3t : S 8tX0; ð108Þ
in example 4.
Thus M ‘‘solves weakly’’ (in the functional analytic sense)
dXt ¼ AXt dt þ dBt ð109Þ
in examples 1–3, resp.
dXt ¼ AXt dt : X 3 : dt þ dBt ð110Þ
in example 4.
From Corollary 4.17 and Remark 4.19 it follows
Corollary 4.20. Up to ‘‘mA-equivalence’’ there is a unique mA-symmetric, mA-tight
special standard process MA ¼ ðO;FN; ðXtÞtX0; ðPxÞxAX Þ which solves weakly (in the
functional analytic sense)
dXt ¼ AXt dt þ dBt; ð111Þ
X0 ¼ x ð112Þ
for q.e. starting point xAX :
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Remark 4.21. It follows, that there is an EA-exceptional set N; NCX ; such that
8x AX \N
/k; XtS ¼ /eAtk; xSþ
Z t
0
d/eAðtsÞk; BsS 8tX0; 8kAX 0 ð113Þ
Px-a.s., and integrating by part
/k; XtS ¼ /eAtk; xS
Z t
0
d/AeAðtsÞk; BsS ds þ/k; BtS 8tX0; 8kAX 0 ð114Þ
Px-a.s.
Remark 4.22. Under additional assumptions on A stronger results can be obtained,
see, e.g. [2,25,46,63].
Remark 4.23. Beside Eq. (110) existence of the solution of other stochastic
quantization equations, i.e. other SDEs, which as in example 4 have as invariant
measure m%A (called the ðf4Þ2-Euclidean ﬁeld [1,35,43,69], have been analyzed e.g. in
[23,24]. Our aim in a forthcoming paper will be to introduce a new SQE by
constructing the SDE satisﬁed by the subordinate m%A -tight special standard process
in example 4. Similar to what we shall prove for the subordinate Ornstein–
Uhlenbeck processes in Section 4.6, we would obtain a SDE driven by a non-
Gaussian white noise. This would have then better spatial path properties than the
SQE with Gaussian white noise.
4.5. Symmetric quasi-regular non-local Dirichlet forms obtained by
subordination of generalized Ornstein–Uhlenbeck semigroups
Let ðTA; ft ÞtX0 be the subordinate semigroup of the Ornstein–Uhlenbeck
semigroup ðTAt ÞtX0 in examples 1 and 2, resp. example 3 w.r.t. a Bernstein function
f : Let L fA (resp. E
f
A ) be the corresponding generator (resp. Dirichlet form) (with
A ¼ I in case of example 1). From the results in the previous section it follows
Corollary 4.24. T
A; f
t ¼ ef ðdGðAÞÞt and
L
f
A ¼ f ðdGðAÞÞ: ð115Þ
Moreover E
f
A is a quasi-regular Dirichlet form,
E
f
A ¼ ðE fA ;HAðXÞÞ ¼ ðE fA ;FCNb ðXÞÞ ¼ ðE fA ;FPðXÞÞ: ð116Þ
The generator L
f
A is essentially self-adjoint on HAðXÞ; FCNb ðXÞ; FPðXÞ .
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From Theorems 4.16 and 3.9 it follows then:
Corollary 4.25. Let E
f
A the subordinate DF of the coordinate free classical Dirichlet
forms in examples 1–3, and let D ¼FCNb or D ¼FP; resp. D ¼HAðX Þ: Up to
mA-equivalence there is a unique mA-symmetric, mA-tight special standard process
M
f
A ¼ ðO;FN; ðX ft ÞtX0; ðPzÞzAX Þ satisfying the MP for ðf ðdGðAÞÞ; DÞ:
For concrete applications to the previous results, we need to know how the
generator f ðdGðAÞÞ (resp. corresponding Dirichlet form and semigroup) acts
on D: The answer is given in the following lemma and theorem.
Lemma 4.26.
L
f
A : /x; k1S
n1 ;y;/x; klSnl :A1 ð117Þ
¼ f
Xl
i¼1
ni
/ki; A1kiS
 !
: /x; k1Sn1 ;y;/x; klSnl :A1 ð118Þ
T
A; f
t : /x; k1S
n1 ;y;/x; klSnl :A1 ð119Þ
¼ etf ð
Pl
i¼1
ni
/ki ;A1kiS
Þ
: /x; k1Sn1 ;y;/x; klSnl :A1 ð120Þ
E
f
Að: /x; k1Sn1 ;y;/x; klSnl :A1 ; : /x; k1Sn1 ;y;/x; klSnl :A1Þ ð121Þ
¼ f
Xl
i¼1
ni
ðki; A1kiÞ
 !
: /x; k1Sn1 ;y;/x; klSnl :A1 : ð122Þ
Moreover,
etf ðdGðAÞÞei/x;kS ¼ e
/k;A1kS
2 etf ðdGðAÞÞð: expði/x; kSÞ :AÞ ð123Þ
¼ e
/k;A1kS
2
XN
n¼0
inﬃﬃﬃﬃ
n!
p /A1k; kSn=2etf ð
n
/A1k;kSÞ : /x; kSn :A; ð124Þ
where the sum is converging in L2ðX ; mAÞ:
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Proof of Lemma 4.26. From Theorem 2.9 it follows
T
A; f
t
Yl
i¼1
: /x; kiSni :A1 ;
Yl
i¼1
: /x; kiSni :A1
 !
¼ etf ð
Pl
i¼1
ni
ðki ;A1kiÞÞ ð125Þ
so that (119) holds. (117) follows by taking derivatives at t ¼ 0: Moreover, using the
spectral decomposition:
ðetf ðdGðAÞÞei/x;kS; : /x; kSn :Þ ð126Þ
¼ e
/k;A1kS
2
XN
n¼0
inﬃﬃﬃﬃ
n!
p /A1k; kSn=2etf ð
n
/A1k;kSÞ ð127Þ
so that (123) holds. &
From the above results it follows
Theorem 4.27.
T
A; f
t u ¼ etf ðdGðAÞÞu ¼
XN
n¼0
etf ðdGðAÞÞðJAn ðuÞÞ; uAL2ðX ; mAÞ ð128Þ
DomðL fAÞ ¼ uAL2ðX ; mAÞ :
XN
n¼0
jjf ðdGðAÞÞJAn ðuÞjj2 /N
( )
; ð129Þ
L
f
A u ¼ f ðdGðAÞÞu ¼ 
XN
n¼1
f ðdGðAÞÞJAn ðuÞ; ð130Þ
DomðE fAÞ ¼ Domð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ðdGðAÞ
p
ÞÞ ð131Þ
¼ uAL2ðX ; mAÞ :
XN
n¼0
ð f ðdGðAÞÞJAn ðuÞ; JAn ðuÞÞoN
( )
; ð132Þ
E
f
Aðu; vÞ ¼
XN
n¼1
ð f ðdGðAÞÞJAn ðuÞ; JAn ðvÞÞ 8u; vADomðE fAÞ; ð133Þ
where the sums in (128), (129) are converging in the norm jj  jjL2ðX ;mAÞ:
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Remark 4.28. We remark that
f ðdGðAÞÞadGðf ðAÞÞ: ð134Þ
In fact, while dGðf ðAÞÞ is the generator of a diffusion process ðYtÞtX0; i.e. the
Ornstein–Uhlenbeck process which solves
dYt ¼ f ðAÞYtdt þ dBt ð135Þ
(and has invariant measure mf ðAÞ), we will see in Section 4.6, that f ðdGðAÞÞ is
the generator of a mA-special standard process with jumps ðX ft ÞtX0 (and has
invariant measure mA; like the starting Ornstein–Uhlenbeck process with generator
dGðAÞ).
4.6. SDE related to subordinate Ornstein–Uhlenbeck semigroups
In this section we give an explicit expression of the SDE satisﬁed (uniquely) by
ðX ft ÞtX0: Moreover we show that ðX ft ÞtX0 is uniquely deﬁned by the projections on
the dual space X 0:
Theorem 4.29. Let X ; mA like in example 3, respectively examples 1–2 (with A ¼ I in
case of example 1). Let E
f
A be the subordinate Dirichlet form of EA w.r.t. the Bernstein
function f : Let M fA ¼ ðO;F fN; ðXtÞ ftX0; ðPxÞ fxARÞ be the canonical mA-tight special
standard process properly associated to E
f
A : Then, 8xAX ;
X
f
t ðoÞ ¼ LtðoÞ þ RtðoÞ 8tX0; ð136Þ
X
f
0 ¼ x ð137Þ
P fx -a.e. for q.e. xAX ;
where ðLtÞtX0; ðRtÞtX0 are adapted to the natural filtration ðF ft ÞtX0 of ðX ft ÞtX0;
ðLtÞtX0 is a Le´vy process on X with Fourier transform
E fx ½ei/k;LtS
 ¼ etf ðjjkjj
2Þ kAX 0; ð138Þ
and
/Rt; kS ¼ /eAyðtÞk; xS
Z yðtÞ
0
/AeðAyðtÞsÞk; BsS ds; 8oAL; 8kAX 0; ð139Þ
where ðBtÞtX0 is the canonical Brownian motion on X ; adapted to the natural filtration
ðF ft ÞtX0 of ðX ft ÞtX0; such that the projection ð/Bt; kSÞtX0 for kAX 0; ka0 is a
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real-valued Brownian motion with zero mean, and variance tjjkjj2: ðyðtÞÞtX0 is the
canonical Le´vy process associated to the subordinator, independent of ðBtÞtX0:
Remark 4.30. Similar to Remark 4.12, it follows from the Le´vy–Ito decomposition
for Le´vy processes with values on R (see e.g. [66, Chapter IV] and [66, Theorem 30.1,
Chapter VI] that 8kAX 0
/Lt; kS ¼
Z
j/x;kSjp1
/x; kSðNkt ðdxÞ  tnkðdxÞÞ
þ
Z
j/x;kSjS1
/x; kSNkt ðdxÞ þ Bbjjkjj
2
t ; ð140Þ
Px-a.e. Here B
bjjkjj2
t is a Brownian motion with zero mean and variance 2bjjkjj2t;
Nkt ðBÞ ¼
R
B
Nkt ðdxÞ; BABðR\0Þ is a Poisson process independent of Bbjjkjj
2
t ; with
parameter nkðBÞ: nk is a Le´vy measure, i.e. a s-ﬁnite measure on BðR\f0gÞ; such thatR
minðx2; 1ÞnðdxÞoN: One has
nkðBÞ ¼
Z N
0
m f ðdsÞ
Z
B
dy
e
 y
2
2jjkjj2sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pjjkjj2s
q dy 8BABðR\0Þ: ð141Þ
See also [8], [28] (resp. [72]) where the [48,49]. Its decomposition is discussed on
separable Banach (resp. (co-)undear) spaces.
Proof of Theorem 4.29. Let us consider the canonical Ornstein–Uhlenbeck process
MA ¼ ðO;FN; ðXtÞtX0; ðPxÞxARÞ properly associated to E fA : From (ii) in Remark
2.18 it follows that the set N in Remark 4.21 is E
f
A -exceptional. Let xAX \N: From
Remark 2.15 it follows that ðBtÞtX0 in Eq. (60) is adapted to ðF ft ÞtX0: Let ðyðtÞÞtX0
be a canonical Le´vy process independent of ðXtÞtX0 (and hence also of ðBtÞtX0),
associated to the Bernstein function f :
Suppose we are in the case of Example 3.
Applying Bochner’ s theorem it follows that the projections /ByðtÞ; kS deﬁne a
cylinder measure on H; with Fourier transform eðtf ðjjkjj
2Þ: The dense injection of
L2ðRdÞ into X ¼ S0ðRdÞ is given by a Hilbert–Schmidt map, so that any cylinder
measure on L2ðRdÞ lifts to a probability measure on ðX ;BðXÞÞ (cf. [74]). It follows
(see e.g. [70]) that there is a random variable Lt on X, such that /Lt; kS ¼
/ByðtÞ; kSAD½Rþ-R
; 8kASðRdÞ: But the topology on D½Rþ-X 
 is deﬁned by
the projections on R and X 0; hence LtðoÞAD½Rþ-X 
 8oAL: ðLtÞtX0 is the
canonical Le´vy process with symbol f ðk2Þ: Moreover from Remark 2.15 it follows
that ðLtÞtX0 and hence also ðRtÞtX0; with Rt ¼ X ft  Lt are adapted to ðF ft ÞtX0:
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From Theorem 2.7 and Eq. (114) it follows that Eq. (139) holds P fx -a.e., which
concludes the proof in the case of example 3. &
Suppose now that we are in the case of Examples 1–2.
The projections /ByðtÞ; kS deﬁne a cylinder measure on X 0; with Fourier
transform eðtf ðjjkjj
2Þ: From Theorem 5.7.3 in [50], it follows that for all tX0 ﬁxed,
there is an inﬁnitely divisible measure mt with Fourier transform e
ðtf ðjjkjj2Þ: It is easily
checked that ðmtÞtX0 is a weakly continuous convolution semigroup of measures on
X ; hence there is a Le´vy process in law associated to it. That any such process has a
ca`dla`g version follows from its being, after compensation, a martingale (see e.g.
[29,44,57]). From Remark 2.8 it follows that there is a canonical Le´vy process
ðLtÞtX0 with Fourier transform eðtf ðjjkjj
2Þ: The rest of the proof is the same as for
Example 3.
The following Corollary is proven as Corollary 4.13, using L
f
A/x; kS ¼
f ð 1/k;A1kSÞ/x; kS:
Corollary 4.31. ð/X ft ; kSÞtX0; kAX 0; is decomposed in the following way:
/X ft ; kS/x; kS ¼ N f ;kt þ M f ;kt ; ðN f ;kt ÞtX0ANc; ðM f ;kt ÞtX0AM
3
; ð142Þ
where
N
f ;k
t ¼ f
1
/k; A1kS
 Z t
0
/X ft ; kSds; ð143Þ
M
f
t ¼
X3
j¼1
M
j;k
t ; M
j;k
t AM
3
; j ¼ 1; 2; 3 ð144Þ
with
M1;kt :¼
Z
j/x;kSjp1
xðNkt ðdxÞ  tnkðdxÞÞ; ð145Þ
and
M2;kt :¼ /x; eAyðtÞkS/x; kS
Z yðtÞ
0
/Bs; AeðAyðtÞsÞkS ds ð146Þ
þ
Z
j/x;kSjS1
xNkt ðdxÞ þ f
1
/k; A1kS
 Z t
0
/X ft ; kSds ð147Þ
M3t :¼ Bbjjkjj
2
t :
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The following Corollary follows easily from Corollaries 4.31 and 4.10.
Corollary 4.32. Let X ; mA as in example 1–3. Up to ‘‘mA-equivalence’’ there is a unique
mA-symmetric, mA-tight special standard process M
f ¼ ðO;FN; ðX ft ÞtX0; ðPzÞzAX Þ
which solves
d/X ft ; kS ¼ f
1
/k; A1kS
 
/X ft ; kSdt þ dM f ;kt ð148Þ
¼ d/Lt; kSþ d/Rt; kS 8kAX 0 ð149Þ
/X ft ; kS ¼ /x; kS ð150Þ
Px-a.e., for q.e. xAX : It is the subordinate of the Ornstein–Uhlenbeck process properly
associated to EA:
Remark 4.33. While /Lt; kS and hence /Rt; kS are the projections on k of
processes Lt; resp. Rt; with values on X ; this is not the case for the martingale M
f ;k
t
resp. drift part N
f ;k
t of /X
f
t ; kS/x; kS: In fact k-L f/X ft ; kS; and hence also
k-N f ;kt ; k-M
f ;k
t do not deﬁne linear operators from X
0 to the set of real random
variables L0ðO;F; PÞ for some probability space ðO;F; PÞ; i.e. they do not deﬁne a
cylinder measure on X (see e.g. [70, page 256]) and there is no random variable on X
with projections L f/X ft ; kS; resp. N
f ;k
t ; M
f ;k
t :
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